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The problem of imparting to a solid body a stable rotation mode with speci- 
fied orientation of the axis of rotation in an inertial space, and with infor - 

mation about the body rotary motion provided by a single spin rate sensor 

rigidly attached to it, is considered. A control moment which would ensure 
the asymptotic stability of the required motion mode is sought, 

1. Statement of the problem, We introduce the trihedron zYZ rigidly 
attached to the solid body, and denote by E and 11 the fixed unit vectors in the base zyz 

and in the absolute space XYZ , respectively. 
In Euler’s dynamic equations 

lo’ + w X lo = M, w = (mzr oy, Q), Z = diag (I,, I?,, I,) (1.1) 

used here for defining the rotary motion of the solid body, we assume that Z, < Z, < Z,. 
If we select the z-axis as the axis of steady rotation of the body, vector E = (9, 0, 1). 
The motion of unit vector n in the coordinate system rigidly attached to the body is de-, 

fined by the equation 

n’+oXTl=O (1.21 

It is assumed that vector q and the projection of angular velocity w of the body on 
the sensing axis of the spin rate sensor 

6= n-o, n = {a, P, Yl (1.3 1. 

where n is a unit vector rigidly attached to the body, are measureable. 
he pose the following problem. Using the information about vector q and angular 

velocity w defined by formula (1.3 ) determine the control moment M = {M,, Mu, 
iM,) which ensures the asymptotic stability of the stable rotation mode of the body 

about the axis of the greatest moment of inertia for the specified orientation of the 
2 -axis in the inertial space 

5 = 9, w= w*, w* = {O, 0, Q}, s-2 = const (1.4) 

2. Determination of the control moment, Werepresent Eq.(l. 1) in 
the form 

0 alS2 0 

Z’ = As + I-1 (Ix X z + M), A = a& I I 0 0 

0 0 0 

w= z+w*, a, = (Iv - IL) I,-‘, % = (I, - Zx) I,-’ 

(2.1) 
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In new variables this problem reduces to the assurance of asymptotic stability of the 
equilibrium position 

E = q, a! = 0. 

We assume y = Cx, C = n” to be the output of system (2.1). 
To estimate vector x by the information available to observation we use the intro- 

duced in [ 11 system of state estimate 

z’=Az+z(y-- Cz) + I-1 (Zz x 2 + M) (2.2) 

In the system of Eqs . (1.2 ) , (2.1) ) and (2.2 ) we pass from variables rt, z and z 
to variables 9, 2, e = 2 - 2 

11’ = -fs + a*) X 1, 2’ = Ax + I-“(fir X x + Mf, t a to (2.3) 

e’= (A - EC)e + \P (z, e), Tp (i, e) = 1-l (1% X e + Ie X 2 - le X e) 

and introduce in the analysis function 

2V=Ph-f~~~z’lz+v~,~(t,.T)elrdr. p>o, v>o (2.4) 

to 

in which Q, (to, 1) = exp [(A - IC) (t - to)] is the normalized fundamental matrix of 
system li)’ = (A - IC)+& 

Since for 

the eigenvalues Xi (i = i, 2, 3) of matrix A - IC may be specified a priori [ 1 J, it 
is necessary that li have negative real parts 

Re Xi (A - ZC) <o (i = 1, 2, 3) (2.5) 

If condition (2.5) is satisfied, then 

m 

s 
II 0, (to. St) e lis dr 

tr 

is a positive definite finction of vector e [ 23 and, consequ~tly , the quadratic form 
(2.4 ) is also positive definite. 

On the strength of Eqs . (2.3 ) the derivative of function (2.4) with respect to time 
is of the form 

IT. = Z@ (-$ X q + jlAz + M) - ve’e -i- R (G e) 
co 

(2.6 1 

R (q e) = ve’SY (% eh s = 1 a~,’ (to, z) a~ (to, 2) dz 
to 

By selecting the control moment M of the form 

M = pe X q + h’% 
fir = diag (kl, ks, M 

we can represent formula (2.6 ) as 

(2.7 ) 
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(2.8 J 

V’ = s’Qs + R (x, e), 

Q = It2 (P + P') 

where E is a third order unit matrix, 
The fixed sign of analytic func- 

tions is determined by the totality of 
terms of the lowest order in expan- 

sions of these functions [ 3 1, hence 
the right-hand side of formula (2.8 ) 
is, as a function of vectors x and e , 
negative definite, when the quad - 

ratic form S’QS has that property. 

For function s’()s to be nega - 
tive definite it is necessary and suf- 
ficient that the system of inequal - 

ities 

ki <O, 1 + l/@ki > 0 (i = 1, 2, 3) 

k,k, (1 + I/4v-lkl) (1 + l/.,v-lkz) - ‘/4Q2 (I,, - 1,)2 > ’ 

(2.9) 

is satisfied. 
When conditions (2.9) are satisfied, the right-hand side of formula (2.8 ) is, as a 

function of vector r = {$, x’, e’l , of constant negative sign, since it is zero not only 

when E = 11, and x = e = 0, but, also, in the set 

N = (r: E $1 q, x = 0, e = 0) (2.10) 

which we define as follows: 

N = N, U Nz, N, = {r: E = -q, z = 0, e = O}, Nz = {r: E # -trb 
2’= 0, e = 0) 

The analysis of the first approximation derived with reference to point N1 shows 
that Nr represents an unsteady equilibrium position of system (2.3 > , while set Ns does 
not contain integral trajectories of the investigated system. Hence the equilibrium 
position E = ?, z = 0, and e = 0 is asymptotically stable [4]. 

Thus, when conditions (2.5 ) and (2.9) are satisfied, the control (2. ‘7 ) in which 

vector z is determined by Eq. (2.2) provides the solution of this problem in some neigh- 
borhood G of the equilibrium position. 

Note that the possibility of realizing the required orientation in the case of incom- 
plete information from sensors of the body angular position occurs in the solution of the 
problem formulated in Sect. 1 and, also, in the problem of orientation in a rotating 
coordinate system [ 51. In fact, the analysis of formula (2.7 ) shows that information 
about two components of vector q (in this case % and qr, ) is sufficient for controlling 
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orientation of the axis of rotation in an inertial space. 

3, Ex a mpi 6. Let us consider the process of imparting to a solid body whose in- 
ertia ellipsoid parameters ace 

I, = 1.25.10@ kg,&, I, = 6,9.10” kg& I, = 7.i.i06 kg,*’ 

a stable rotation mode 0% = or, = 0, and aL - 66 = 1 deg /set at specified single- 
axis orientation in an inertial space. 

Angles of the sensitivity axis of the spin rate sensor ace at the same angle n = 111 I 
v@i’, fi ‘1 v3 11‘ to the axes of the zyz -base, Vector 1 in system (2.2 ) for the 

estimate of the state and matrix X in the control law (2.7 ) ace, respectively, 

I = 11-3.62 -37.80 41.91 11’ 
K = diag +.25.105, -6.9 .108, -7.1 *%oa) 

and the weighting factors u and v in the quadratic form (2.4) ace p = 1.25*10’ Nm 
and v =I: 6.9 .106 Nmsec -1, 

The question of selection of the initial condition for the system for the estimate of 
the state is decidedsimilarly to [ 1 I. 

At the instant of commencement of control of body motion the mismatch between 
the P -axis (vector E ) and the required direction (vector ?J ) is 90 ‘. Initial values of 
remaining orientation parameters appear in Fig. 1( a ) , where curves I,2 , and 3 show 
the pattern of directional cosines % (+‘& in the course of eontcol action (Fig. 1( a ) ) 
and the variation of angular velocities on, oy and 0, of the body (Fig. 1( b ) ) . 

The analysis of the character of variation of orientation of rotation axis parameters 
and of the angular velocity vector o shows that in the course of motion control the body 
asymptotically tends to the specified mode. 
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